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s\right) \varvec{\psi } "~ {s}\left( s\right) ~{T}ds\), \(\varvec{W} {t,j}=\int {\left[ \tau {t,j-1}\tau {t,j}\right] }\varvec{\psi } ™ {t}\left( t\right) \varvec{\psi } ~ {t}\left( t\right) ~{T}dt\), \(\varvec{R} {s,i}=\int {\left[ \tau {s,i-1},\tau {s,i}\right] }\mathcal {L} {s}"~{m_{s}}\left[ \varvec{\psi } ~ {s}\left( s\right) \right] \mathcal
{L} {s}"~{m_{s}H\left[ \varvec{\psi } ~ {s}\left( s\right) \right] ~{T}ds\) and \(\varvec{R} {t,j}=\int {\left[ \tau {t,j-1}\tau {t,j}\right] }\mathcal {L} {t}~{m_{t}}\left[ \varvec{\psi } ~{t}\left( t\right) \right] \mathcal {L} {t}~{m_{t} }\eft[ \varvec{\psi } "~ {t}\left( t\right) \right] ~{T}dt\), and \(d~{s} {ij}=\Big \{\frac{1} {\left( |\widehat{\beta
s} {m_{s}}Hleft(\tau {s,i} \tau {t,j}\right) |+\delta s\right) ~{\gamma s}}\Big\}\) and \(d"{t} {ij}=\Big \{\frac{1}{\left( |\widehat{\beta {t}~{m_{t}}}\left(\tau {s,i},\tau {t,j}\right) |+\delta t\right) ~{\gamma t}}\Big\}\), for \(i=1,\dots ,L. s+1\) and \(j=1,\dots ,L._t+1\).The optimization problem in (4) can be then approximated with
the following$$\begin{aligned}&\hat{\varvec{B}} {AS}onumber \\ {}&\quad \approx {{\,\mathrm{argmin}\,}} {\varvec{B} {\alpha } \in \mathbb {R} "~ {\left( M_1+k 1\right) \times \left( M_2+k 2\right) } }\Big \{\sum {i=1}"{n}\int {\mathcal {T}}Y {i}\left( t\right) ~{2}dt-2{{\,\mathrm{Tr}\,} }\left[ \varvec{X}\varvec{B} {\alpha
Hvarvec{Y}~{THright] +{{\,\mathrm{Tr}\,} }\left[ \varvec{X} "~ {T}\varvec{X}\varvec{B} {\alpha }\varvec{W} {t}\varvec{B} {\alpha } "~ {T}\right] onumber \\&\quad +\sum {i=1}"{L s+1}\sum {j=1}"{L_t+1}\left(\lambda ~{AdaSS} {s}d~{s} {ij}{{\\mathrm{Tr}\, } }\left[ \varvec{B} {\alpha }~{T}\varvec{R} {s,i}\varvec{B} {\alpha
Hwvarvec{W} {t,j}\right] +\lambda Valore aggiunto Traduzione: varvec{R} {t,j}\right] \right) \Big \}, \end{aligned$} (11) o per vectorization as$\begin{aligned} &\hat{\varvec{b}} {AS}approx mathrm{argmin}\,}} {\varvec{b} {\alpha } \in \mathbb R}~ {\left( M_1+k 1\right) \left( M_2+k 2\right) \}Big -2{\,\mathrm{vec}\,} }\left(
varvec{X}~{T}\wvarc ~ +varvec{b} {\alpha ~{T}\left( varvec{W} {t}\otime varvec{X} "~ {T}\varvec{X}\right) varvec{b} {\alpha }onumber \&quad \sum i=1}"{L s+1}\sum j=1}"{L _t+1}\left(\lambda AdaSS} {s}d”{s} {ij}\varvec{b} {\alpha Traduzione: Traduzione: AdaSS} {t}d~{t} {ij}\varvec{b} {\alpha
~T}varvec{L}_{rw,ij}\varvec{b}_{\alpha \}right) \bigg \}, \end{aligned$} (12) dove hat{\varvec{b}}_{AS}={\, \mathrm{vec}\,} }\left hat{\varvec{B}}_{AS}\right)\), varvec{L}_{rw,ij}=\left varvec{R}_{t,j}\otimes varvec{W}_{s,i}\right) \) e varvec{L} {wr,ij}=\left Varvec{W}_{t,j}\otimes varvec{R}_{s,i}\right), per (i=1,\dots ,L._s+1\) e
(j=1,\dots ,L_t+1\.) Di solito, lo spazio del prodotto del tenore (\mathbb S} {k 1,k 2,M 1,M 2\) A" scelto con (k 1=k 2=4,) cioA", B-spline cubice e sequenze di nodi altrettanto distanziate. Il primo gestisce molti processi di ottimizzazione paralleli, per diverse combinazioni di valori iperparametri, e, quindi, sceglie la combinazione che mostra le
migliori prestazioni. Infine, (\gamma _s\) e (\gamma t\) controllano la quant1tA di peso posto in (widehat{\beta s}~ {m {s\) e (w1dehat{\beta t}~{m_{t)\) mentre (\lambda ~AdaSS} {s\) e (\lambda "AdaSS} {t\) sono parametri di leviamento. La scorrevolezza dello stimatore finale A" controllata dai due termini di penahtA sul lato destro di (12). 1
parametri di sintonizzazione (\lambda ~AdaSS} {s}\delta s,\gamma s,\lambda ~AdaSS} {t}\delta t\gamma t\) potrebbero essere fissati utilizzando la convalida convenzionale K-fold cross (CV) etA Aal. ' The two sets \(\varvec{\psi } "~ {s}=\eft( \psi ~{s} {1} \dots \psi ~{s} {M 1+k 1}\right) ~{T}\) and \(\varvec{\psi } "~ {t}=\left( \psi
~{t} {1} \dots \psi ~{t} {M 2+k 2}\right) ~{T}\) are B-spline functions of order \(k 1\) and \(k 2\) and non-decreasing knots sequences \(\Delta ~{s}=\lbrace s {0},s {1} \dots,s {M 1},s {M 1+1}\rbrace\) and \(\Delta ~{t}=\lbrace t {0},t {1} \dots ,t {M 2},t {M 2+1}\rbrace ), defined on \(\mathcal {S}=\left[ s 0,s {M_1+1}\right] \) and \
(\mathcal {T}=\left[ t 0,t {M_2+1}\right] \), respectively, that generate \(\mathbb {S} {k 1,k 2,M 1,M 2}\). The simulation study in Sect. This is in fact the procedure used to select \( \mathcal {P} \) in both the simulation study of Sect. In (7) and (8), we are assuming that \(\widehat{\beta {s}~{m {s}}}\) and \(\widehat{\beta {t}~{m_{t}}}\) are
well approximated by a piecewise constant function, whose values are constant on rectangles defined by the two knot sequences \(\Theta "~ {s}\) and \(\Theta ™~ {t}\). The latter solution is more suitable as a general recommendation and can be specifically implemented by preliminary running a few iterations of the EAASS algorithm to assess the
coherence of the chosen region with the optimal tuning parameter combination. Note that the two roughness parameters \(\lambda {s}\) and \(\lambda {t}\) assume large values over domain regions where \(\widehat{\beta {s}”~{m {s}}}\) and \(\widehat{\beta {t}~{m {t}}}\) are small. Indeed, when \(\delta s\) and \(\delta t\) are set to zero,
where \(\widehat{\beta {s}”~{m_{s}}}=0\) and \(\widehat{\beta {t}~{m {t}}}=0\) (\(m_s\)th and \(m_t\)th-order inflection points), the corresponding penalties go to infinite, and, thus, \(\mathcal {L} {s}~{m_{s}}\alpha \left( s,t\right) \) and \(\mathcal {L} {t}~{m_{t}}\alpha \left( s,t\right) \) become zero in accordance with the minimization
problem. Other exploration and exploitation strategies can be found in BAxAck 4 are based on a disturbance in which each value of the tuning parameter of the combination given is accidentally disturbed by a factor of 1.2 or 0.8. The phases of exploitation and exploration are repeated until a arrest condition is satisfied, for example the maximum
number of iterations. This problem is discussed in the sect. Therefore, \ (\ widehat {\ beta {s}”~{m_{s}}} \) and \ (\ widehat {\ beta {t}~{m_{t}}} \) can be recovered exactly by Increasing the number of nodes uniformly \ (LS \) and \ (L_T\). In this way, the combinations of optimization parameters with unsatisfactory predictive services are
neglected. Bridge and extends the parallel research method (e.g. grilled and random research) with sequential optimization method (e.g. hand tuning and bayesian optimization). This can be done, for each combination and each tuning parameter, randomly selecting a value in a pre-specific interval. Cié implicitly means that we are approximating \ (\
beta\) as follows $$ \ start {aligned} & \ beta \ left (s, t \ on the right) \ approx. ? ) / {b} \ varvec {\ psi} ~{t} \ left (t \ right) \ quad s \ in \ mathcal {s}, t\ in \ mathcal {t}, \ end {aligned} $$ (5) where \ where \ (\ varvec {b} = \1lbrace b_{ij} \ ribrace \ in \ mathbb {r}~{(m_1+k 1) \tempes (m 2+k 2)}\). (1997). The pseudo code of the eaass
algorithm is reported in algorithm 1. The first step is the identification of an initial population \ (\ Mathcal {p} \) of the combinations of the tuning parameters \ (p_i\) s. This behavior can be mitigated considering a condition of adaptive arrest, which depends on the improvement of the forecast error between two consecutive iterations or by selecting
appropriately \ Mathcal {p} \). In addition, the models obtained for each combination of tuning parameters in \ (\ mathcal {p} \) could be estimated in a parallel way. Therefore, to facilitate the use of the Del method by practitioners, in what follows, we proposed a novel evolutionary algorithm for tuning parameter selection, referred to as evolutionary
algorithm for the adaptive smoothing spline estimator (EAASS) inspired by the population based training (PBT) introduced by Jaderberg etA Aal. The PBT algorithm was introduced to address the issue of hyperparameter optimization for neural networks. The AdaSS estimator \(\hat{\beta } {AdaSS}\) is defined as the solution of the optimization
problem in (3) where the two roughness parameters \(\lambda {s}\left( s,t\right) \) and \(\lambda {t}\left( s,t\right) \) are as follows$$\begin{aligned} \lambda {s}\left( s,t\right) =\lambda ~{AdaSS} {s}\frac{1}{\left( |\widehat{\beta {s}~{m_{s}}}\left( s,t\right) |+\delta s\right) ~{\gamma s}}, \quad \lambda {t}\left( s,t\right) =\lambda
~{AdaSS} {t}\frac{1}{\left( |\widehat{\beta {t}~{m_ {t}}}\left( s,t\right) |+\delta t\right) ~{\gamma t}} \end{aligned}$$that is,$$\begin{aligned} \hat{\beta } {AdaSS}&={{\\mathrm{argmin}\,}} {\alpha \in \mathbb {S} {k 1,k 2,M 1,M 2} }\Big \{ \sum {i=1}"{n}\int {\mathcal {T} }\left[ Y {i}\left( t\right) -\int {\mathcal {S}}X {i}\left(
s\right) \alpha \left( s,t\right) ds\right] ~{2}dtonumber \\&\gquad +\lambda ™~ {AdaSS} {s}\int {\mathcal {S}}int {\mathcal {T}}\frac{1}{\left( |\widehat{\beta {s}~{m {s}}}\left( s t\right) |+\delta s\right) ~{\gamma s} }\left( \mathcal {L} {s}~{m_{s}}\alpha \left( s,t\right) \right) ~{2}dsdtonumber \\&\qquad +\lambda ~{AdaSS} {t}\int
_{\mathcal {S}}\int {\mathcal {T}}\frac{1}{\left( \widehat{\beta {t}~{m {t}}}\left( s,t\right) |+\delta t\right) ~{\gamma t}}\left(\mathcal {L} {t}~{m {t}}\alpha \left( s,t\right) \right) ~{2}dsdt\Big \}, \end{aligned}$$ (4) for some tuning parameters \(\lambda ~{AdaSS} {s},\delta s,\gamma s,\lambda ~{AdaSS} {t},\delta t\gamma t\ge
0\) and \(\widehat{\beta {s}~{m_{s}}}\) and \(\widehat{\beta {t}~{m_ {t}}}\) initial (\ mathcal {1} {s}~{m_{s}} \beta\) and \ (\ mathcal {1} {t}~{m_{t}} \ beta ), respectively. I'm sorry. \). Instead of finding the combination of optimal tuning parameters in the entire parameter space, which is clearly impossible, combinations in \ (\ mathcal
{p}\) are the only ones to be considered in two stages, i.e. the phases of exploitation and exploration. »(t \ on the right) dt\) and \ (\ varvec {w} {t} =\\\int {\ mathcal {t}} \ var vec {\ psi}~{t} \ on the left (t (t\ to the right) \ varvec {\ psi}~{t} \ left (t \ on the right)”~ {t} dt\). Therefore, the set\ (\ mathcal {v} \) of estimated forecast errors (v i
\) s corresponding to \ (\ mathcal {p} \) is obtained by means of K-FILD CV. Then the following passage of an exploration strategy in which the combinations of tuning parameters in \ (\ mathcal {q} \) are replaced by new ones. for these reasons, the final estimation is able to adapt to the function of the coefficient on regions of great curvature without
smoothing it excessively on regions where the curvatures \ (m_s\) and \ (m_t\) are small. delta s\) and \ (\ delta t\) allow \ (\ hat {\ beta} {adass} \) do not have \ (m_s\) th and \ (m_t\) th-order points in the same position as \ (\ widehat {\ beta {s}”~{m_{s}\) and \ (\ widehat {\ beta {t}"~{m_ {t}\), respectively. a typical exploitation strategy is
the selection of truncations, in which the worst \ (r \%\), for \ (0 \le r\le 100 \), of \ (\ mathcal {p} \), in terms of estimated forecast error, is replaced by randomly sampled elements from the remaining part \ ((100-r) \%\) of the current population (jaderberg etave {in equation (13,) this returns in the condition \) is positive defined. therefore, the
minimum of the optimization problem in (12) has the following expression $$ \ start {allined} & \ hat {\ varvec {b} {adass} onumber \\ {} & \ approximate \ left [\ left (\ varvec {w} _{t} \ otimes \ varvec {x} ~{t}\ varvec {x}\ a right) +\ Ito the right). In this way, the EAASS algorithm includes both parallel research and sequential methods.
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